


Recall: (C,D) n-pointed hyperbolic curve of genus g.
LE,0) flat v.b.on < with reg. sing. alongD.

⑧
universal isomomodromic deformation (E,5) of

LED on 2x0 =

Tgin

·rodromicdeformation to a general
nearby are (Eio' of(EI) is the restriction

(2,5) liby for an analytically general (ID)

· Question (Biswas,Hen, Hurtubise):
Let EP) be an isomomocomic deformation to a general
nearby curve of LEI). Is E' semi-stable?

· Answer (L-L): In general not true

·Co(3.6). Notation as above. If rRLE) <Lng, then

the isomomodromic deformation to a general nearby
curve of E is s.s.



Today's Goal. Prove the previous result.

· Thm (1.3.4)

Let(ID),(E0), (,5) be as above, and
E has irred. momodromy (i.e. PE:Mi(CID) ->aLn(c) inned) ·

let.LE,PY be an icon deformation to a general nearby curve
&',D].

· No: 0 = N. 1 ... [Nn=E' the HN filtrationonE'

· grEE:=Ni/Ni, Mi-slope of giNE

Then if E' not ss.

1)Fiton, EfcickeA.
N

rkgr+E'.rgoNkE' -g+
2) Ox Mi-MitEI, FOEi<N.

· If L.D) non-hyperbolic, i.e., lgn) =1010),10.1,(2) or 100,
then #CCID) abelian -> NRE = 1. the the also holds.

· If E has many non-zero graded pieces, then rt' is big.



Proof of Cor 1.3.6. using than 1.3.4.
④If Ebabirred monodromy and E'not 5.5.
then by theorem 1.3.4., EOxj<i<kIN s.t.

g+1 = rRgrNE'orR griNE!
5th R

On the other hand,
rk grRE'.rEgrNE

=>

CrIgrNE' + rgrNE
2

=>I rRER

=> wRE) x2 NgH, contradiction.
*If E not irred, use induction on the UK. Because
ext.of ss.bundles are s.s. I

It suffices to prove theorem 1.3.4.

· "If (r) does not satisfy 1) &2) in the 1.3.4,

then H-N filtration cannot deform to a n.h.d. of

KIDY in 0=Tgin
"



theproof of the 1.3.4.
for ij, we denote zM(Eij) C0

tiij = Hom(griNE, grN El
Claim:If E'not s.s., vi, Ejcick e.t.

EjtiRYQWa is not 9.C.G..

1) claim + not a9Glemna-> VicEjicke.A

r grNE'rgrEEE'=rk(EjtYERwc x g+1
(u)Ej+YkQwc) =-M(Ej+,k) + M(w)-2g-z)

2) EgRQWe not 4aG
=>

2g-2< M(EgtRQWc)=2g-1 (emsit- (=>vglobalint
=>

tc MIgrNEY -MIgrEEY =0

=>I MCgrREY -MLgrEEY C slopes
of gri are

decreasing)&>MINNEY-MNETO
7

i Mi



setting for theproof of the
1.3.4.

· K,D), LE.0), has inved monodomy.
· A nontrivial filtration No

0 = No EN, 1 ... ENN =E

which extends to a filtration on (E.5) to a 1st order n.bd. of

K.DDoC take N = Harder-Narasimban filtration in the proof -
· N. induces a filtration on EndE)
with NpEndIES = OEizpIm(Ni,Nj)-

and NoEndIE) =EndN.LES

-filtration on EndE)/Endr.LES

#
↑grY EndESEndrIEST,Oren Hom (grYE, grNE)p

· LiD) wy a non-zero map (prop 2.1.8)

T(-D) I, Atkp (E) ->EndEES/EndN.(E)
0 -> EndIES->AtypLE,N) -> TCD)

to

↓ 1

fo -·ErdLES-AtRISES
->TcDT

q-

AtppCE,N.)



· H(C.TC) -> Defrpp (k(s)/22)
#(C, Atpp(EP)E) Def(D,z,p,p(k+2)/az)

Lemma 1: the induced map

H'(a,Tc())EH'CC, Atk.p()) ->HCC, EndES/Endo.(E)
is identically 0.

Pf: ↑StHCC, TCP)), h.e., a 1st order deformation (2,P)
of (I), qPCs) corresponds to (2,p, 2).
By the assumption, N. extends to 2. By lemma 2.3.8.

=>grssE Ker HCC, Atk.p()) ->HLC, EndS/Endo.(E)C
qY(s)tH'< C, AtkiLE, NY

⑧ #CC, AtapkEN->H'(c. AtRCED->H'L, EndyedES)(
⑨

long exact sequence induced from (
·tAtqsLEINY ->Atpp (E) ->EndE/EndNiLE)TO

= the composition is 0. HT



·amaz.Voxian, Ej<i<ke.A
↑

7D) -> End (E)/EndN.(E)
induces a nonzero map

PjAR: Tc(-D) -> EgHik.

Proof:
TctD) -> EndIE)/Endr.(E)-

is non-zero (Einred monodromy, Prop 2. 1.8. (

*j =maximal m s.t. v(Ng) ENiPr'llogD
=>jCi LE has irred. Monodomy)

*k=minimal m s.A. U (Ngx) =NRQRc(log D)
=>it < k (the choice of j)

->NixINg ->Nk/NcQr(ogp)
->Nm/Nk-1*th'slogD

is a non-zero Oc-linear map.



=>

Oftim Tc(-D) ->Hom (grOH, grYE) = EjaG
non-zero H



·lemmas: NO = HN, fix i, let jr be as
in Lemma 2. Ojaik non-zero

then Office induces an identically a map

↓(C,Tc(-t))1m(c,Ej+,k)

proof: 3 steps, diagram chasing. We Ishow that the maps **B induces theftENEoe
0 map on H.

A

TcD) Endr.(t>>m(Nj+,E/Nk+)
- ↑

Hom (grNE, E/Nk+1. T
Hom (grNE, grYRE) =Eji,R



Detail of prooffor Kuma 3.

&EdCE) >> HomINGHIE) natural
map (sheaf surf.

my Ed(E)/EndN(E) ->)Hom(Ny+,E/Nm+)

us By Kmma1, TD) ->EndIES/EnN.IE) * Hom (NGH, E/Nme)-

I
induces the o map

on H

② the short exact sequence
0-> Nj -> Ny+ -> gryE ->0

my

0>HmIgrEEE, E/Nm) ->Hom(NEE/Nm+HmINg, E/Net)->0

Long.e.s.
my LNj,E/NM)-> HLC, Ion (grE, E/Nkt

1)

r(row(Nj, E/Nm)<0
->H(x, +ym(Nj+,E/Nk+ 1)

Since TcC-D) ->HomIgrNE, E/NGy) ->Hom (NGH, E/Nknf+
induce the O map on

H (by step8)

TCP) ->Hom (grNE, E/Nm+)
induces the 0 map on H too.



③ the same as

o+ grNE -> E/Net-EINk>O

my o -> Im/gr,graNE)->HoM(groE, E/Nmt) ->Hom LgrNE, E/Nk)-> O
17

EjH,R

logestingrNE,E/Nn))->H'(c, Ejik)
.

·

A (HonKgrNE), E/NU)<0
->HCC, Hom(grMEsE/Nx+)

Since TcEDSM EqtR->Hom (giNE, E/NmT)

induces the 0 map on

drtinalso induce the 0 map on
Mi by step2)

1



·emma4: i.j.h. Ojaik as above. Hen

Vik: = EjtEQWa is not 4.C.C.

proof: Ojtik: TcC-B) -> EjtR is non-zero

x>

Serve Duality
EgFikQWcEMD) is non-zero

and 4 induces the O map

#(C, EjtRQNd ->HO(c,wc5\(D)

=>

HOSC,EgtinQWcQO,> HicC,wc**D) QOc

↓ e.V. ↓
PEgRRQWc->wE(D)

non-zero

= e.v. factors through KerL4) * EginQWa
Corank>1)

=>EqYiRRNC is not C.C.G.. H



Proof of The 1.3.4. Assume that I not s.s.

* the locus of nones, fibers of (2.0) is a closed analytic
subset of 0= Tgin
A A general fiber E' is assumed to be not s.s.

= each fiber of2.55 is not ss.

+N. extends to an open
analitical subset ofa containing

HN CiDY. (

So we can assume that N. extends to 1st order

neighborhood ofC

#iv) satisfies the conditions for lemnas 1.2.34.

lem 1,2,3,4 Fi,EjCiCR e.t.
=

EgHiRQWD is not CaC
#


